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Problem

�,� = � Euclid, Elements, I.47

a2 + b2 = c2 a, b, c ∈ R



�,� = � Euclid's theory of equal �gures

a2 + b2 = c2 arithmetic of real numbers



The thesis

�,� = � Euclid's theory of equal �gures

a2 + b2 = c2 Descartes' arithmetic of line segments

a2 + b2 = c2 arithmetic of real numbers



Elements, I.47
�In right-angled triangles the square on (�pì) the side subtending
the right-angle is equal to the [sum of the] squares on (�pì) the
sides surrounding the right-angle.

Let ABC be a right-angled triangle having the right-angle BAC. I say
that the square on (�pì) BC is equal to the [sum of the] squares on
(�pì) BA, AC".



Elements, I.47
"In right-angled triangles the square on (�pì) the side subtending
the right-angle is equal to the squares on (�pì) the sides surrounding
the right-angle.

Let ABC be a right-angled triangle having the right-angle BAC. I say
that the square on (�pì) BC is equal to the squares on (�pì) BA,
AC".



The proof of the proposition I.47



Euclid's theory of equal �gures
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Euclid's theory of equal �gures
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Euclid's theory of equal �gures



Elements, I.47

�,� = � Euclid's theory of equal �gures



Pythagorean theorem via propositions I.47 and VI.31

V.24: �I say that the �rst and the �fth, added together (suntejèn),
AG, will also have the same ratio to ...".

a : c :: d : f , b : c :: e : f ⇒ (a + b) : c :: (d + e) : f



Problem

�,� = � Euclid's theory of equal �gure

�+� = � Euclid's theory of similar �gures

a2 + b2 = c2 arithmetic of real numbers



The thesis

�,� = � Euclid's theory of equal �gure

�+� = � Euclids theory of similar �gures

a2 + b2 = c2 Descartes' arithmetic of line segments

a2 + b2 = c2 arithmetic of real numbers



Descartes, Geometry, p. 298



Arithmetic of line segments: Product

x = a · b iff 1 : b :: a : x .



Arithmetic of line segments: Division

x =
a

b
iff a : b :: x : 1.



Arithmetic of line segments: Square Root

x =
√

a iff 1 : x :: x : a.



From Greek proportion to Descartes' arithmetic

and backwards

a : b :: c : d ⇔ a · d = c · b
a : b :: c : d ⇔ a =

c

d
· b



From Greek proportion to Descartes' arithmetic

a : b :: c : d ⇒ a · d = c · b
a : b :: c : d ⇒ a =

c

d
· b



�For, putting a for BD or CD, and c for EF, and x for DF, we have
CF = a − x , and since CF or a − x is to FE or c , as FD or x is to
BF, which is consequently cx

a−x ".

CF : FE :: FD : BF

(a− x) : c :: x : BF ⇒ BF =
cx

a− x



Ordered �eld of line segments

a : b :: c : d ⇒ a · d = c · b
a : b :: c : d ⇒ a =

c

d
· b

a · b = b · a
a · (b · c) = (a · b) · c

a · (b + c) = a · b + a · c
a < b ⇒ a · c < b · c

a · 1 = a/1 = a, a/a = 1, (1/a) · a = 1

a

b
· c =

a · c
b

,
1

a
· 1

b
=

1

a · b
√

a ·
√

a = a,
√

a2 = a,
√

a · b =
√

a ·
√

b



Pythagorean theorem in Geometry, Book I, p.302
Solving the equation z2 = az + bb

�I construct a right triangle NLM with one side LM equal to b, the
square root of the known quantity bb, and the other side LN, equal
to 1

2
a, that is, the half of other know quantity, which was multiplied

by z , which I supposed to be the unknown line. Then prolonging MN
the base of this triangle to O, so that NO is equal to NL, the whole
line OM is the required line z . It is expressed in the following way:

z = 1

2
a +

√
1

4
aa + bb �.



Pythagorean theorem in Geometry, Book II, p. 342
Finding a tangent to an algebraic curve

�[...] making MA or CB = y , and CM or BA = x , I have an equation
expressing the relation between x and y . Then making PC = s, and
PA = v , or PM = v − y , and due to the right triangle PMC, we see
that ss, the square of the base (qui est le carreé de la baze), is equal
to xx + vv − 2vy + yy , the squares of two sides (qui sont les carées
des deux côtés); that is to say

x =
√

ss − vv + 2vy − yy”.

ss = x2 + (v − y)2



Pythagorean theorem in Geometry, Book III, p. 387
Solving a fourth degree equation

�For, putting a for BD or CD, and c for EF, and x for DF, we have
CF = a − x , and since CF or a − x is to FE or c , as FD or x is
to BF, which is consequently cx

a−x . Now, since in the right triangle
BDF one side is x , and other is a, their squares, which are (leurs
carrés, qui sont) xx + aa, are equal to the square of the base, which
is ccxx

xx−2ax+aa �.

x2 + a2 =
(cx)2

(a− x)2



Book II: �[the sum of] the squares of two sides (qui sont les carées

des deux côtés); that is to say x2 + (v − y)2

Book III: �[the sum of] their squares, which are (leurs carrés, qui

sont) xx + aa



Linguistic layer of La Géométrie

square on the line versus square of the line

�we see that ss, the square of the base (qui est le carreé de la baze),
is equal to xx + vv − 2vy + yy , the squares of two sides (qui sont
les carées des deux côtés)", Book II

�since in the right triangle BDF one side is x and other is a, their
squares, which are (leurs carrés, qui sont) xx + aa, are equal to the
square of the base, which is ccxx

xx−2ax+aa �, Book III



Descartes' translation of Pappus. Geometry, p. 305

square on the line versus square of the line

Pappus: �if there be given a ratio (lìgoc) of the rectangle contained
by the two lines so drawn to the square on the third�

Descartes: �let there be a proportion (proportio) of the rectangle
contained by the two lines so drawn to the square of the third (ad
quadratum reliquæ)�



Clavius, Euclidis Elementorum, p. 229
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